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531. 
A “SMITH’S PRIZE” PAPER(!); SOLUTIONS. 


[From the Oxford, Cambridge and Dublin Messenger of Mathematics, vol. v. (1869), 
pp. 40—64.] 


1. If V{(e@—-aP+(y—by}, vi(@— «F +(y-— bY}, c, are respectively real and positive, 
show that in the equation +/{(c—a)+(y—b)} +y{(@—a'}+(y—b}}=c, considered as 
representing a curve, the signs cannot either of them be assumed at pleasure to be + or 
to be —: and distinguish the cases of the ellipse and the hyperbola. 


Writing the equation in the form +/(S)+4/(S’)=c, we find 
+ 2V(S)=2+S8-S8’, 
+ 2cV(S’)=2-S8 +8’, 
47S =(?+ 8-8’), 
40S’ = (cc —S +8’), 


and thence 


either of which equations is the rational equation of the curve (the equation being 
of the second order, inasmuch as S—S’ is a linear function of the coordinates). But 
writing the rational equation under these two forms respectively and passing back 
to the last preceding forms, it is clear that for any given point of the curve, 
?+S—S’ and &-S+S8’, qua rational functions of the coordinates, have each of them a 
completely determinate value; the ambiguous sign therefore cannot be assumed at 
pleasure, but in the equation +2c/(S)=e+S-—S’ it must be taken to be + or to 
be — according as the value of c+S-—S' is positive or is negative; and the like for 
the other equation. It is with the signs so determined that the two irrational 
equations hold good, and inasmuch as from them we deduce the original equation 
+ /(S) +/(S’)=c, the signs in this equation are not arbitrary, but each of them has, 
at a given point of the curve, a determinate value, fixed as above 


1 Set by me for the Master of Trinity, Feb. 3, 1869. 
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The condition for an ellipse is that the given length c shall be greater than the 
distance /{(a—a’)?+(b—b’)} between the two foci; for a hyperbola that it shall be 
less. In the former case, for any real point of the curve, it is obvious that the 
relation must be /(S)+./(S’)=c; in the latter case, for any real point of the curve 
it must be either /(S)—/(S’)=c or —(S)+/(S’)=c, viz. one of these equations 
holds for one branch, the other for the other branch of the hyperbola. To see this 
à posteriori, observe that in the ellipse, starting from the equation 

+ /{(a@— ae? +y} + /{(a + ae) +y} = 2a, 

we find 

t V{(w- ae) +y} =a es, 

+ /{(a@+ aef +y} =a + en, 
but here, e being less than 1, and for every real point of the curve æ being less in 
absolute magnitude than a, we have a—ewx, a+ex each positive for any real point 
whatever of the curve; the two signs are therefore each of them +, or we have 
V{(a—aeP+y*} + /{(a@+aeP?+y*} = 2a; and a like verification applies to the hyperbola. 


2. In a system of curves defined by an equation containing a variable parameter, 
investigate at any point the normal distance between two consecutive curves; and deter- 
mine the form of the equation for a system of parallel curves. 


Consider the system of curves f(e, y, c)=0; then if the point a, y belongs to 
the curve f(s, y, c)=0, and the point «+ da, y+ dy to the curve f(z, y, c+ dc) =0, 
we have 


Fri fs Us, _ 


and if the point æ + dx, y+ éy be on the normal at (æ, y) to the curve f(z, y, c)=0, 
we have 


af _ af 

62 + ae = òy KR dy y= 

or writing 
_,¢ paf 

we have 

dia (Ffoi 

RIEA + (3) + a dc = 0, 

wherefore 


b= — Zao (P(X 1, 


and the normal distance at (æ, y) of the curves c and c+ ĝe is =v (òx? + dy’), viz., it is 


df\? ./df\ ETS 
=+ IAEA -+ (£) k; or wre it is i y 
ee df a df 2 df 2 
=e Sag (ae è EA : 
where, if the distance in question be regarded as positive (that is, if we attend only 


to its absolute value), the sign is to be taken so that + A Sc shall be positive. 
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If the system be given in the form V—c=0 (V a function of (x, y)), we have the 


normal distance 
-ae (Ch 


: ; 20. PUV NE SVN 
For parallel curves, the normal distance is everywhere the same, that is, (x) + a) 


must have a constant value for all values of (s, y) satisfying the relation V=c, viz. 
we must have identically (ary + (g= (V), arbitrary, a partial differential 
equation to be satisfied by V in order that V=c may be the equation of a system 
of parallel curves. Assuming the equation to be satisfied for any particular form of œ, 
we may, it is clear, find U a function of V, such that (y +4. Ge) =1, and inasmuch 
as the equation f(V)= Const. is the same thing as V = Const., it follows that the 
equation of the system of parallel curves may be taken to be V=c, where 


d VN dV\2 
(ue) “(a wh 


3. Two cannons (each free to recoil) differ only in weight and in the weight of 
the ball; and it is assumed that at any instant during the explosion the explosive force 
depends only on the space occupied by the vapour of the gunpowder: compare the 
emerging velocities of the balls; and also the emerging velocities of balls fired from the 
same cannon when it is free to recoil, and when it is absolutely fixed. 


Consider a single cannon. 


Take M for its mass, m for that of the ball, S, s for the spaces described, back- 
wards by the cannon and forwards by the ball, at the time ¢ during the explosion. 


Then by hypothesis the explosive force, forwards on the ball and backwards on 
the cannon, is a function of s+ S, = ¢(s + S) suppose, or we have 


d2 
mgp =O (8+ 8), 


Moe = at $ (s + S), 
and thence 
a _ 
ur an = (7+ +a) Het P) 


Ai at 


Multiplying each side by 2 ———“, integrating from s+S=0, to s+S=a, where a 


is the length of the tube, and ieee that the initial velocities are each =0, we find 
d (s +5) Tet | a 
[ACEO 2 ( g) | $6 +8) (ds +49), 
C: VIII. 56 
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where = are the velocities of the ball and cannon respectively at the instant of 


a 

emergence ; | ¢(s+8)(ds+d8), is a constant (that is a quantity independent of the 
0 

weights of the ball and cannon), and putting it =4C, the equation may be written 


(+ V¥= (= +5) C; 


where v, V are the velocities at the instant of emergence. 


But from the equation 


„s y 8 
map = ae 


{the initial values of the velocities being each =0), we have 
mv = MV; 
and hence from the foregoing equation we obtain 


M Mtm go VM Koy wren MOD E 


VORS 
De 

V(0+T) 

And similarly for the other cannon, if m,, M, be the mass of the ball and cannon, 

v, the velocity of the ball, we have 


v(m) = 


v(C) 


RASNE TEDA 
v(m) : nvon) =a/ (1+ FP)  /(1 +9): 


If m,=m, M,=o, then v, n may be taken to be the velocities of the same ball fired 
from the cannon, mass M, when it is free to recoil and when it is absolutely fixed; 


and we have 
m 


viz. the velòcity in the former case is equal to that in the latter case divided by 
m 
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4. If X:V:Z=nf'—9$:  —CE: En — En, where P+ a+ =O, E+ e=, 
show that EE, nn’, &', no’ +E, EE + XE, En + En are proportional to quadric functions 
of a, ‘FZ: 


We have 
V?+ 2° = (fF — O&) + (En’ — En 

= £9 (n? + 0) + E (n° + E°) — 2EE (mm + £0"), 
which, in virtue of the equations 

P+ P+ O=0, E+ a%+0"=0, 
is 

= — 26§ — 266" (nn + EE’) 

= — EE (EE + nn’ + £6"). 
And again 

VZ = (SE — EE) (En — En) 
= EF (nf + 0°) — E° nb — Et, 


which, in virtue of the same equations, is 


= EF (ng +E) + b(n? + 5%) + 9'F (y+ &) . 
= (9 + '6) (EE + nn’ + £6”), 


and, forming the analogous equations by symmetry, the factor (EE +n’ + &’) divides 
out, and we have 


Y24+ 272 a X27: X*+ V2: —2VZ : —-2ZX :-2XYV 
= (€6 oc. te MD ei ab SE + CE : bn + En, 


which is the required theorem. 


5. Two tangents of a conic are harmonically related to a second conic: find the 
locus of the intersection of the two tangents. 


In plane geometry the angle in a semicircle is, in spherical geometry it is not, a 
right angle: show how these conclusions follow from the solution of the above problem. 


Let the equation of the first conic be 2+y7?+z2*=0; its equation in line 
coordinates is therefore u?+v?+w*=0; or what is the same thing, the line ww+vy+wz=0 
will be a tangent of the conic if only w+v?+w*=0. Hence the equations of the 
two tangents being 

Ex+nyt+fz2=0, 
Ea +n'y+F2=0, 


we have &+77+0=0, &?+77+€"%=0; and using X, Y, Z for the coordinates of 
the point of intersection of these tangents, we have 


Se ee eae ees T E: Ee 
56—2 
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and thence, by the last question, 
EE: nl: SC: ht nS: CE + OE: En’ + F'n 
= Y?+Z?; 4X: X°4+ VY? : —2YZ : —2ZX : —2XY. 
Suppose that the equation of the second conic in line coordinates is 
(a, bo, f, g, h)(u, v, wr =0; 


the condition in order that the two lines æ + ny+6z=0, &a+n'y+C'z=0, may be 
harmonically related to this conic is 


(a, b, o f, g, hE, m, OE, n, &)=0; 
or, what is the same thing, it is 
ake’ +b + oft! +f (nb! + 1/6) +g (EE + CE) +h (En + En) =0, 
and by what precedes we have 
a (Y? + Z) + b(Z?+ X*) + c (X° + Y*) — 2fVZ — 2gZX — 2X V=0, 
or, what is the same thing, 
(a+b+c)(X?+ Y?+ Z*)—(a, b, c, f, g, h)(X, Y, ZP=0, 


as the locus of the point of intersection of the two conics; the required locus is 
therefore a conic. 


It is to be observed that the locus is that of a point which is such that the 
pairs of tangents from it to the two given conics respectively form a harmonic pencil; 
viz. if the equations of the given conics (in line coordinates) are 


w+v+w=0,~ 
(a, b, c, fs g, h)(u, v, wP=9; 


then the equation of the required locus, or say the equation of the harmonic conic, is 
{in point coordinates) 


(a+b+oc)\(@+y¥+2)-Ga4bhegf g, h) (e, y, z} =0. 
In particular, if the second conic be a point-pair or, say, if its equation be 
(au + Bu +yw) (a'u + Bv + y'w)=0, 
then the equation of the harmonic conic is 
(ad + BB’ + yy’) (a2 + y? + 2?) — (ax + By +2) (aa + B’y + yz)=0, 


which is satisfied by writing (s, y, z)=(a, B, y), or =(@, BY, y); viz. the harmonic 
conic passes through the two points of the point-pair. And so, if the first conic is also 
a point-pair, the harmonic conic passes through the four points of the two point-pairs. 
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The equation of the first conic in point coordinates is a°+y?+2*=0; hence, 
supposing as above, that the second conic is a point-pair, the intersections of the first 
conic with the harmonic conic are given by 


P+y+2=0, (ax+ By +yz) (a+ By +9'z)=0; 


whence the harmonic conic has double contact with the first conic, only if each of 
the lines ax + By + yz, a'x + B’y+-+'z=0, touches the first conic; or, what is the same 
thing, if each of the points (a, B, y), (@’, B’, y) lies on the first conic. 


In plane geometry, we have (in the plane) a point-pair, the two circular points 
at infinity; any conic through these points is a circle: the two lines harmonic in 
regard hereto are at right angles. Hence, by what precedes, taking one of the given 
conics to be the circular points at infinity, and the other conic to be any two points 
P, Q; the locus of the intersection of lines through P, Q, cutting each other at right 
angles, is a circle; this is evidently the circle standing on PQ as diameter, or the 
angle in a semicircle is a right angle. 


In spherical geometry we have (on the sphere) an imaginary conic æ? +4? +2°= 0, 
called the absolute; any conic having double contact herewith is a circle (small circle 
of the sphere); two lines (arcs of great circles), harmonic in regard hereto, are at right 
angles. Hence, taking one of the conics to be the conic 2+ y*?+2?=0 and the other 
to be the two points P, Q; the locus of the intersections of the lines (arcs of great 
circles) through P, Q, which cut at right angles, is a spherical conic; but it is not a 
circle unless the points P, Q, are each of them on the conic æ+ y?+2?= 0, viz. it is 
not a circle for any two real points whatever: that is, in spherical geometry, the 
angle in a semicircle is not a right angle. 


6. A mass M attached to the end A of a chain AC is placed (with the chain) 
on a horizontal plane, in such wise that a portion AB of the chain forms a straight 
line, the remaining portion BC being heaped up at B: the mass M is then set in 
motion in the direction B to A with a gwen velocity, and so moves in a straight line, 
dragging the chain: determine the motion; and explain the peculiarity of the dynamical 
problem. 


The mass attached to the end of the chain is taken to be M, and the mass of 
a unit of length of the chain to be =m; suppose also that at the commencement 
of the motion the distance CA is =a, and that at the end of the time ¢ this distance 
is =a+a, so that the length of chain then in motion is =a+a, (a<l-—a, if l be 
the whole length of the chain). Suppose also that the velocity at the time ¢ is =v; 
then we have a mass = M+m(a+z) moving with a velocity v; and, in the element 
of time dt, this sets in motion with the velocity v a length of chain dz=vdt, or mass 
of chain =mvdt; if then the impulse backwards on the mass M +m (a+) and 
forwards on the element mvdt be = R, we have 


{M+m(a+a)}dv=— R, 
modt.v= R, 
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that is, 
{M+m(a+«x)} dv + mvrdt=0; 


or, observing that vdt=dz, this may be written 


(M + ma) du + md.av=0, 


that is, 
{M +m (a+ «)} v = constant, 


= (M+ ma) V, 


if V be the velocity at the commencement of the motion. The equation gives, in 
terms of the space a, the velocity v at any time ¢ before the whole chain is set in 
motion: writing it in the form 


(M + m (a+0)} S = (M + ma) V, 


we have 

(M + ma) « + 4ma? = (M + ma) Vt, 
and putting herein «=1—a, the equation gives the value of ¢ at the instant when 
the whole chain is set in motion: after this epoch, the mass and chain will (it is 
clear) move on with a uniform velocity 


a + ma) V 

~  M+ml 
The foregoing equation 

{M+ m (a+ æ) v=(M + ma) V 

might have been obtained at once by the consideration that the momentum is constant 
throughout the motion; but the method employed puts more clearly in evidence the 
peculiarity of the dynamical problem; viz. it is, so to speak, a problem of continuous 
impulse: in each element of time dt an infinitesimal element of mass has its velocity 
abruptly altered (in the present problem from 0 to v), but, for the very reason that 
it is an infinitesimal element of mass which undergoes this abrupt change of velocity, 
the effect is a continuous, not an abrupt, change of velocity of the whole finite mass 
which is then in motion. 


7. Show how an ellipse may be constructed as the envelope of a variable circle 
having its centre wpon either of the axes; and examine the geometrical peculiarities which 
occur according as the major or the minor axis is made use of. 


Considering the ellipse 


the equation 
(@-a} +y =r, 


where a and y are in the first instance arbitrary parameters, represents a circle having 
its centre on the major axis: in order that this may touch the ellipse, a relation 
must be established between a and y. When this is done we obtain a variable circle 
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(the equation of which contains a single arbitrary parameter), and this circle has the 
ellipse for its envelope. (On account of the symmetry in regard to the axis of æ, the 
circle will, it is clear, touch the ellipse in two points, situate symmetrically in regard 
to this axis.) Now to make the circle touch the ellipse, eliminating y, we have 


(w—ay +b (1- =) are 
that is, 
(1-5) — 2a +a 98 + = 0, 


which equation, considered as an equation in æ, must have equal roots; that is, we 
must have 


b? 9 9 
(1 -*) (œ -y +b) e= 0; 
or, what is the same thing, 
— Ba? + (a— b°) (b tà y’) = 0; 
consequently 


2 


b 
y= o— “ab a; 


ei 


or the required equation of the circle is 


(o— ay + ya at; 


or, as this may also be written 
2 
@-a}+y=0-e)(e-5). 
It is to be observed that at the points of contact of the ellipse and circle, we have 


ara a 
oe ae tet 


By simply interchanging a and b, it appears that when the centre is on the minor axis, 
the equation of the variable circle is 


a 
a +(y— BY =a +B 
and that at the points of contact of the ellipse and circle we have 


vR 


fa aa T 


In the case where the centre is on the major axis, then attending to positive 
values of a, the circle remains real so long as a is }ae, but if a is =ae, that is, 
if the centre be at the focus, the radius of the circle is =0. But from the formula 


a x , 
==, We have «=a for a=ae’, and when a is greater than ae, «>a, and the points 


of contact are imaginary. That is, as æ passes from 0 to ae’, the circle is real, and 
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has real contact with the ellipse; for a=ae® the circle becomes the circle of maximum 
curvature, touching the ellipse at the extremity of the major axis; as @ increases from 
ae’ to ae, the circle is still real but its contact with the ellipse is imaginary; for 
a=ae, the circle reduces itself to the focus considered as an evanescent circle; and 
for greater values of a, the circle is imaginary. 


When the centre is on the minor axis it appears in like manner that the circle 
is always real; but, attending to negative values of 8, the circle has real contact 


with the ellipse only so long as 8 > os for this value of £, the circle touches 


the ellipse at the extremity of the minor axis, being in fact the circle of minimum 
curvature; and for greater negative values of @, the contact is imaginary. 


8. Show that the number of ways in which n things can be arranged so that no 
one of them occupies its original position is of the form (n—1)An; and that we have 
A,=0, A,=1, An =(n— 2) Ann + (n— 3) Án: show also that 

1 


An=(n— 1) Anan eT: 


4 {Ana + (PU. 


Supposing the n things arranged as required, we may by a single transposition of 
two things bring a given thing, say n, into its original place (the last place): and 
conversely every arrangement of the required form can be obtained from an arrangement 
in which n occupies the last place, by a transposition of n with another of the 
things. Now in the arrangement whicn thus gives rise to an arrangement of the 
required form, either all the things 1, 2, 3,..., (n— 1l) are out of their original places; 
and we can then transpose n with any one of the things 1, 2, 3,...,n—1: or else 
only one thing is in its original place; say 1 is in its original place, and we can then 
transpose 1 and n; or 2 is in its original place, and we can transpose 2 and n; ... 
or n—1 is in its original place, and we can transpose n—1 and n. And these are the 
only ways in which an arrangement of the required form is obtained. Hence if for 
n things we denote by U, the number of arrangements in which no one thing 
occupies its original place, we have, by what precedes, 


Un = (n —1)(Un++ Uns), 
and it thus appears that U, is of the form (n—1)A,; and writing accordingly 
Un =(n— 1) An, and therefore 
Un- = (n 2 2) Ana Un- = (n — 3) An, 


we have 


A,=(n—2) Ay + (n—3) Ans; 


which is the required equation for An; we have, it is clear, A4,=0, A,=1, and the 
successive values A,=1, A,=38, &c. can then be calculated. But the equation of 
differences of the second order may be integrated into one of the first order, viz 
writing the equation in the form 


{(n —1)A,—n(n—-2) A, ~i} + |(n— 2) Anm — (n — 1) (n—3) An} =0, 
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the integral is 
(n —1) Ayn —n (n—2) Ag =(-)" 1G, 


and writing n=2, we have C =—1, wherefore 
(n—1)A,=n(n—2) 4n - (—)"71, 
or, what is the same thing, 


1 
A,=(n-1)4,1- TATT {An +(—)* A, 


which is the other equation for A,. 
The foregoing very elegant proof of the equation 
Un= (n $1) (Un + Un—2) = (n— 1) An 


was unknown to me; but was given in the Examination; my own proof of the 
equation U,=(n—1)A, was derived from the well-known formula 


pee Aher. 
Up=1. 2nd- itra +) emit 
The theorem itself, and the two equations of differences for A, are due to Euler, see 


his memoir, “Sur une espèce particulière de Carrés Magiques,” Comm. Arith. Coll., t. 1L, 
p. 359. l 


9. If in any covariant of a binary form (a, b, c, ..., k) (æ, yy the coefficients 
a,b, ..., k are replaced by ax +by, bæ +cy, ..., kæ+ ly respectively, show that the result is 
a covariant of the neat superior form (a, b, c, ..., l) (x, yY: and determine the covariant 
obtained by thus operating on the discriminant of the cubic form (a, b, c, d) (s, yY. 


A covariant of the binary form U, = (a, b, ..., k) (æ, y), is either given by a single 


symbolical expression of the form 12 ies T VEN. U,U.U,..., or it is the sum of a 
number of such expressions, each multiplied by a constant (numerical factor): in the 
latter case each of the expressions in question is a covariant of U. Any such 
expression is at once seen to be a function of U and of its differential coefficients 
(i.e. it may contain the differential coefficients of each or any of the orders 0, 1, 2, ..., n), 
homogeneous as regards the differential coefficients of the same order. But writing 
U’ =(a, b, c, ..., l) (a, y+, the differential coefficients of any order of U are by the 
change of a, b, ..., k into aw+by, ba+cy, ..., kv +ly, converted into the differential 
coefficients of the same order of U’, each multiplied into the same merely numerical 
coefficient; the result (disregarding numerical factors) is thus the same derivative 


—a—p — ; ; ; y 
T caer ae UKU Us s: ofa U’; viz. 1t is a covariant of U’; and making the like 
change in any sum of such expressions (each into a numerical factor), the result is a 


like sum of expressions referring to U’; that is, making the change in any covariant 
of U, the result is a covariant of U’. 


Cc. VIL. 57 
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Or the same thing may be otherwise proved thus; if to fix the ideas we write 
U=(a, b, c, d)(a, y}; any covariant ® of U is reduced to zero by each of the 
operations ad, + 2bò, + 3cô4— yðr; 3bd,+ 2cd, + dò, — #8,; and, conversely, any function © 
which is thus reduced to zero is a covariant of U. Attending to the first operator, 
we have for any covariant © of U, 


(a8, + 2b6, + 3cò4 = y8x) 0=0 ; 


write az+by=a', be+cy=b’, ceu+dy=c, dæ+ey=dďd, and let ©’ be the function 
obtained from ® by changing a, b, c, d into a’, b’, d, d. We ought to have 


(ad, + 2b8, + 3cdg + 4d6, — y6,) O = 0, 
or considering ©’ as a function of a’, b’, c’, d’, æ, y this is 
{a (y8q + sy) + 2b (ysy + òv) + 3c (ySe + 28q) + 4dySa — y (aba + b8y + cde + dda) — yèz} O' = 0, 
or, what is the same thing, 
(ax + by) dy + 2 (bx + cy) e + 3 (ca + dy) a — yz} O = 0, 
To (a'y + 2'8 + 30'S — y8z} @' = 0, 


an equation which, @’ being the same function of a’, b, d, d’, æ, y that © is of 
a, b, c, d, æ, y, is satisfied identically; and thus ®’ is reduced to zero by the operation 
adòp + 2b8, + 3cò4 + 4d8,—y8,; and similarly it is reduced to zero by the operation 
4b8, + 3còp + 2dò, + eðz — zò, ; and it is thus a covariant of (a, b, c, d, efe, y). 


The discriminant of (a, b, c, dýæ, y} is 
= ad? + 4ac? + 4bd — babed — 36°? ; 
making the substitution in question, it is 
= (ax + by) (dx + ey + &c., - 
viz. it is 
= (ad? + 4ac? + 4b°d — babed — 3b*c) at + &e. 


But there is no such irreducible covariant of the quartic function (a, b, c, d, ea, y); 
and observing that we have identically 


(ae — 4bd + 3c*) (ac — b?) — (ace — ad? — be — c + 2bed) a = ad? + 4ac’ + 4b%d — babed — 3b°c*, 
the covariant in question must be 
= (ae — 4bd + 3c?) [(ac — b?) at + &e.] — (ace — ad? — be — c + 2bed) (a, b, c, d, eXa, y), 
where (ac — b?) at + &c. is the Hessian of the quartic function (a, b, c, d, efe, y}. 


10. From the equation of the curves of curvature of an ellipsoid, or otherwise, 
determine the curves of curvature of a paraboloid: show also that for the paraboloid xy = cz 
(the parallel sections z= Const. being rectangular hyperbolas) the curves of curvature are 
the intersections of the paraboloid by the system of surfaces 


h = y (æ + 2) + A (y? + 2°). 
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The curves of curvature of the ellipsoid 


i. = 


@tetaq! 


are given as the intersection of the surface with the cénfocal surface 


a? y? 2 ; 
FELLER AFAN? 


transforming to the vertex, or writing z—c in place of z, these become 


x y* 2? — Qez 
ee ce ee 
a a y? Pau o, 
CHA BHA CHA 
As be Ge b? A s 
or multiplying by c and writing gn A ata de 0, the equations are 
l m c 
a y? 2 22+0 
+0? mee cre OT 
1+ z 
or, putting herein c=, the equations are 
= + ade 2z =0, 
l m 
æ? y? ae 
fo ae. PETIT S 


viz. these equations, where @ is a variable parameter, determine the curves of curvature 


of the paraboloid a +e 2z=0. The second equation may be replaced by 


x ¥ 41 =0 


i(l+ 0) * m(m+0) 
Write in the equations 1=—m=c; they become 
æ — y—22cz=0, 


=a Ti y ae = 0; 
or, substituting herein are for æ, and roy for y, the equations are 
æy — cz =0, 
2 T 
eaea ri 
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the second of which is 
c (a? + Y°) — 26ay + c (e — &) =0, 


which is the equation for determining the curves of curvature of the surface æy —cz=0. 
Writing in this equation 0 = /(h?+c*), it becomes 
c (a? + Y) — Qey J/(h? + e) — ch? = 0, 
or, as this may be written, 


(2 a x’) (ce “fs y?) ae gy? i 2exy y (h Lii c?) — Ek- é= 0, 


that is, 
+(+ æ) E+ y) = y+ enkete), 
and thence 
cht = (E +a) (+ yp) + ary? — F 2wy Ve + at) VE + g) 
= 8 (+Y) +y (Ha) F 2ay (è + at) (e + y’), 
that is, 


ch = æ y (° + y’) tyne + a); 
or combining with the equation xy — cz =0 of the paraboloid, this is 
h= (æ +2) F Vy? + 2), 


or the curves of curvature are given as the intersections of the paraboloid by the 
series of surfaces represented by this equation. 


11. Esplain for a surface such as the ellipsoid the form of the curve of given 
constant slope; and in an ellipsoid having one of its principal planes horizontal deter- 
mine the limits within which the curve is situate. 


At any point of a surface, the direction of the line of greatest slope is evidently 
at right angles to the level curve, or, what is the same thing, to the trace of the 
tangent plane on the horizontal plane; and the inclination of the element of the line 
of greatest slope is equal to that of the tangent plane to the horizontal plane. The 
line of given constant slope must therefore lie entirely on that portion of the surface 
for which the inclination of the tangent plane has a value not less than the given 
constant slope of the curve; viz. on a closed surface such as the ellipsoid, it will lie 
upon a certain zone of the surface, included between two boundaries, which boundaries 
are the curves such that at any point thereof the inclination of the tangent plane is 
equal to the given constant slope; and by what precedes, the direction of the line of 
given constant slope, at any point where it meets the boundary, is coincident with 
the direction of greatest slope; viz. it will in general meet the boundary at a finite 
angle; this implies that the point is a cusp on the curve of given constant slope, 
and the curve in question will be a curve as shown in the figure, passing continually 
from one boundary to the other, and when it reaches either boundary, turning back 
cusp-wise to the other boundary; the curve may in particular cases, after making a 
circuit, or any number of circuits of the zone, re-enter upon itself, forming a closed 
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curve; but in general this is not the case, and the curve will go on as above between 
the two boundaries, ad infinitum. 


In the case of the ellipsoid, the plane of æy being as usual horizontal, and the 
equation being 


then if à be the given constant inclination, the boundaries are the series of points 
at which the inclination of the normal to the axes of z is =X; that is, we have 


Bo hie 
c =(4 a ker a pea 
or, what is the same thing, 


a? 
(= +1) cos a- sina = 0, 


the boundaries are thus two detached ovals, meeting the principal sections æ= 0, y=0, 
in the points given by 


A C 
= + g C cot; aa lt» 


and the general form is thus at once perceived. 


12. To every point of space there corresponds a plane, viz. considering the several 
points as belonging to a solid body which is infinitesimally displaced in any manner, 
the plane which corresponds to a point is the plane drawn through the point at right 
angles to the direction of its motion; determine the plane which corresponds to a given 
poini: and connect the result with any general geomeirical theory. 


The displacements, in the directions of the axes, of a point whose coordinates are 
(x, y, 2) are given by the ordinary formulæ 


de = a -+ qz — ry, 
òy =b + ræ — pz, 
82 =c + py — qa, 
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where a, b, c, p, q, r are constants which determine the particular displacement; hence 
if X, Y, Z are current coordinates, the plane corresponding to the point (a, y, z) is 
the plane through this point at right angles to the line 


viz. it is the plane 


(X — x) da+(Y —y) dy +(Z—2z)8z=0, 
or, substituting for da, dy, dz their values, reducing and arranging, this is 
X( . —ryt+qe+a) 
+Y( re . —pz+b) 
+Z(-—qzr+py . +c) 
+ (-—axr—by-—cz . )=0; 


that is, the equation of the plane corresponding to the point (æ, y, z) is an equation 
linear in regard to the coordinates (æ, y, z) of this point; and such that arranging as 
above in the form of a square, the coefficients which are symmetrically situate in 
regard to the dexter diagonal are equal and of opposite signs; or say that the 
coefficients form a skew symmetrical matrix. 


More generally, corresponding to the point (#, y, z) we may have the plane 
AX +BY+CZ+D=0, 


where A, B, C, D are any linear functions whatever (=as + By +yz+8, &c.) of the 
coordinates (æ, y, z); this is the general relation which is the analytical basis of the 
theory of duality; it in fact appears that if the point be a variable point situate in 
a line or a plane, then the corresponding plane is_a variable plane passing through a 
line or a point, &c., &c. In the general case, to a given point there corresponds a 
plane not in general passing through the point; the case above considered is distin- 
guished by the circumstance that for any point whatever the corresponding plane does 
pass through the point. 


13. Write down the Lagrangian equations of motion, explaining the notation, and 
mode of applying them; and by way of illustration deduce the equations of motion of 
three particles, connected so as to form an equilateral triangle (of variable magnitude), 
moving in a plane under the action of any forces. 


The Lagrangian equations of motion are 
AP LR 
dt dé dé dé’ 
Se SEE Cae 
dt’ dn’ dn dn’ 
&e., 
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E, ,... are here any independent coordinates (in the most general sense of the word) 
which serve to determine the position of the system at the time t; T is the wis-viva 
function, or half-sum of the mass of each particle of the system into the square of 


its velocity, expressed in terms of the coordinates £, n,... and of their differential 

coefficients &’, -4 AE * a, &c.; T is thus a given function of E, 7,... &, 77,..., 
W RTR dT aT 

homogeneous of the second order as regards the quantities £, 7’,...; TE de’ &e., 


qT. df 
dé’ > dr’ i 
respectively, and they are thus given functions of é, n,... &, 7’,...; U is the force- 
function or sum 


&c. are the partial differential coefficients of 7’ in regard to &, n, ... &, 7,.- 


Sdm | (Xdx + Ydy + Zdz) 


(it being assumed that Xdz+Vdy+Zdz is a complete differential, that is, that there 
exists a force-function U) expressed in terms of the coordinates £, 7,... and being 
dU dU 
dE’ dn’ 
coefficients of U in regard to &, »,... respectively; and are thus given functions of 


thus a given function of these coordinates; &c. are the partial differential 


these coordinates. The terms S A contain, it is clear, (and that linearly) the second 


ditferential coefficients €”, = T &e...., the equations thus establish between the 
coordinates ¢, ,..., and their first and second differential coefficients in regard to the 


time a system of relations, the number of which is equal to that of the coordinates; 
and which therefore would by integration lead to the expression of the coordinates 
E, n,... in terms of the time. 


It has been tacitly assumed that T, U were functions of £, 7,... E, 7’,..., and of 
E, »,..., not containing the time ¢; this is the ordinary case, but there are cases in 
which T and U or either of them may also contain the time t. 

In the proposed case of the three particles, if m,, Ma, ms be their masses, r the 
side of the equilateral triangle, æ, yı the coordinates of m,, 0, 8+ 60° (or write for 
convenience @+a) the inclinations of m,m., m,m, to the axis of æ, then the coordinates 


of Ma, mz will be 
“z+rcos0@, x+rcos(@+a), 


yt+rsn@, y+rsin (0 +a). 
We have 


T=}m (° +y”) 
+ 4m, [(x +7’ cos 0 — r sin 0.0% + (y +r sin 0 +r cos 6.0’) 
+ 4m, [fx +r cos (0 +a)— r sin (0 + a). 0} + {y + r sin (0+ a) + r cos (0 +a). 0}] 
= } (m + Mm, + ms) (a? + y”) 
+ m, [x (r cos 0 — r sin 0 . 0) + y' (rsin 0 +r cos 0. 6’)] 
+ m, [x {r cos (0 +a) — r sin (0 +a). 0} + y’ {r sin (0 + a) +r cos (0 + a). 6}] 
+ 4 (m, + ms) (r? + 720°), 
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a given function of a, y, r, 0, 2’, y’, r’, 0; also 
i eae! | (Xde + Ydy) + &e. 


will be a given function of æ, y, r, 0; and the equations of motion will be 
d dT dT _du 
dt da dx dx’ 
d dT dT daU 
dt dy’ dy dy’ 
d dT _at_av 
dt d dr dr’ 
ddT aT aU 


dt dð? dô ™ de" 
14. From the integrals «=acost+a’sint, y=bcost+b' sint, of the dynamical 
2 2 

equations pi =— 2, te =—y, deduce a simultaneous solution of the two partial differential 
equations 

dS ds dS\* 

1 tay, iy OS 2 2 
dat? (E) ji ai (+9), 


Writing U=—}(a*+y*), we have 
æ = q cos t + a'sin t, 
y =b cos t+ b’ sint, 
as the integrals of the equations of motion 
dx dU dy_dU, 
d@ dx’ dt? - dy’ 
moreover 
av = — a sin t + a’ cost, 


'= — b sin t+ b' cost, 


where a, b, a’, b are the initial values of a, y, x’, y’ respectively |æ (x ne y= as usual), 


Hence the Principal Function 
t 
gÊ | (T+ U)at 


t 
=} f (2? + y? — a — 4°) dt, 


expressed as a function of «æ, y, a, b, t, will satisfy simultaneously the proposed partial 
differential equations. 


We have 
g? +y? — a — y? = (a? +b? — a? — ț b) cos 2t — 2 (aa’ + bb’) sin 2t. 
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Hence 
48 = (a? + b2 — a? — b?) sin 2t + 2 (aa’ + bb’) (cos 2t — 1) 
= (a + b?) sin 2t — (a? + b?) sin 2t — 4 (aa + bb’) sin? t. 
But 
æ sint=x—acost, 
b’ sint = y — b cost. 
Hence 


(aa’ + bb’) sin t = ax + by — (a? + b?) cos t, 
(a? +b” )sin?t= a2? + y? — 2 (aw + by) cost + (a? + b) cos? t, 
and substituting these values 


ag = ERECT aay 2 (at by) cost+ (a? +b?) cos? t} 
— (a+ 6") 2sint cost 
— 4 sin t¢ { aa + by — (œ +b)cost} 
= 2 (a? +4) cos ț -2 (ax +by) +2 (a2 + by O08! cos t 


sint — a sint’ 


or, what is the same thing, 
K = 4 (2 + yY? Ha + b?) cot t — 2 (ax + by) cosec t, 

which value of S satisfies the two partial differential equations. 

More generally, the two equations are satisfied by 

S =c + foregoing value, 

(c an arbitrary constant) which new value, considered as a solution of the first equation, 
contains the three arbitrary constants c, a, b, and is thus a complete solution; and 
similarly considered as a solution of the second equation, it contains the three arbitrary 
constants c, æ, y, and is thus a complete solution. 

I venture to add a few remarks in illustration of what is required in the papers 
sent up in an Examination. 


In the latter part of question (2) (form of the equation for a ETA of parallel 
curves) it is worse than useless to say J d AE) + (Z Ai [p. 441] must be constant : 
a good and sufficient answer would be kA it must be constant im virtue of the given 
equation f(a, y, c)=0. So in question (13) (the Lagrangian equations of motion), it is 
quite essential to explain [p. 455] that T, U are given functions of £E, n, ..., E, 7’,... and of 
E, ,... respectively; but for this the equations might be partial differential equations 
for the determination of T, U, or nobody knows what: it is natural and proper to 
explain further that T is homogeneous of the second order in regard to the derived 


j t 
functions ¢'’, 1%’, .... In question (14) the answer [p. 456] that S= 4 | (a? +y? — a? — y") dt 
0 


expressed as a function of x, y, a, b, t will satisfy simultaneously the proposed equations— 
would be, not of course a complete answer, but a good and creditable one; without 
the words “expressed as a function of æ, y, a, b, t” it would be altogether worthless. 
A clear and precise indication of a process of solution is very much better than a 
detailed solution incorrectly worked out. 

C. VII. 58 
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